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1 Motiv ation

1. Considerable w ork has b een dev oted to the study of self-dual co des.

Iw an M. Duursma has written n umerous pap ers on the matter (see

[D1]-[D6 ]) and the greater part of this pro ject is cen tered on his ground

breaking w ork in the �eld. In 1999, Iw an M. Duursma de�ned the

zeta function for a linear co de as a generating function of its Ham-

ming w eigh t en umerator. The mo dest goal of this pro ject is to go

through Duursma's pap ers and ev aluate its relev ance for formally self-

dual co des. Duursma's w ork in Extr emal W eight Enumer ators and Ul-

tr aspheric al Polynomials will b e extended to formally self-dual co des.

More sp eci�cally , the pro ject expands Duursma's w ork in this pap er

to zeta functions of formally self-dual co des of T yp e IV. (In fact, Du-

ursma's w ork extends to the ev en broader class of virtual self-dual

w eigh t en umerators of T yp e IV. Theorems 9 and 11 b elo w are extended

to the w eigh t en umerator case. See the remark b efore De�nition 12 in

Ÿ3 for details.)
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2. The �nal and more am bitious goal of the pro ject is to study the for-

m ulation for a Riemann h yp othesis analog. The unsolv ed Riemann h y-

p othesis has b een a m ystery since Riemann's w ork in the 1800's. The

searc h for an analog for linear co des arose in the 1990's. This h yp oth-

esis deals with the nature of non-trivial zeros for zeta functions. The

main result of this pro ject, whic h deals with the Riemann h yp othesis

analog in a sp ecial case, is Theorem 16 b elo w.

3. Examples of Duursma Zeta functions of self-dual co des of small length

are computed in Ÿ4 with the help of the mathematical soft w are program

SA GE [S].

2 In tro duction

Studying error correcting co des is necessary in adv ancing tec hnology . The

safe and reliable transfer of information dep ends on co ding theory . The prob-

lem of transferring dep endable information is imp ortan t and this researc h

pro ject attempts to con tin ue incremen tal progress in this �eld.

This pro ject has v alue b ecause the study of error correcting co des is rela-

tiv ely new. Profound adv ancemen t can b e made in this �eld and is necessary

for the transfer of reliable and safe information. The study of error cor-

recting co des, as conducted in this researc h pro ject, is sp eci�cally related to

reliable comm unications. This is esp ecially p ertinen t to Na v al Reactors as

n uk e p o w er b egins to rely more hea vily on computer comm unications. The

need for suc h comm unication to b e reliable is paramoun t. Error correcting

co des are vital to systems, suc h as n uclear reactors, that dep end up on com-

puters and cannot b e allo w ed to miscomm unicate. More kno wledge of this

topic is crucial to the o v erarc hing goals of the Na vy . This is esp ecially true if

the Na vy con tin ues with its plans for unmanned ships. The military dep ends

up on reliable, fault�toleran t comm unication and this researc h pro ject aims

to con tin ue researc h in the p ertinen t �eld of co ding theory .

2.1 General Bac kground

Let F = GF (q) denote a �nite �eld with q elemen ts, where q is a p o w er of a

prime. A linear co de is a subspace of Fn
for some n > 1. This in teger n is

called the length of C . Let C b e a linear co de of length n o v er F . If q = 2
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then the co de is called binary . Similarly , if q = 3 then the co de is called

ternary and if q = 4 then the co de is called quaternary . Throughout,

assume that Fn
has b een giv en the standard basis e1 = (1 ; 0; :::; 0) 2 Fn

,

e2 = (0 ; 1; 0; :::; 0) 2 Fn
, ..., en = (0 ; 0; :::; 0; 1) 2 Fn

and the usual dot

pro duct. The dimension of C is denoted k , so the n um b er of elemen ts of C
is equal to qk

.

Another imp ortan t parameter asso ciated to the co de is the n um b er of

errors whic h it can, in principle, correct. The Hamming metric is useful for

quan tifying suc h errors. F or an y t w o x; y 2 Fn
, let d(x; y) denote the n um b er

of co ordinates where these t w o v ectors di�er:

d(x; y) = jf 0 · i · n j x i 6= yi gj: (1)

De�ne the w eigh t wt of v 2 Fn
to b e the n um b er of non-zero en tries of v .

Note, d(x; y) = wt( x ¡ y) b ecause the v ector x ¡ y has non-zero en tries only

at lo cations where x and y di�er. The smallest distance b et w een distinct

co dew ords in a linear co de C is the minim um distance of C :

d = d(C) = min c2 C; c6=0 d(0; c) (2)

(for details see [HILL ] Theorem 5.2). Call a linear co de of length n , dimension

k , and minim um distance d an [n; k; d] co de , or [n; k] co de if w e wish to

disregard the minim um distance. The Singleton Bound states that if an

[n; k; d] linear co de o v er F exists, then k · n ¡ d + 1 . An MDS Co de , or

Maxim um Distance Sep erable, is one where the equalit y holds.

A linear co de C of length n and dimension k o v er F has a basis of k
v ectors of length n . If those v ectors are arranged as ro ws of a matrix G, call

the k £ n matrix G a generator matrix for C .

The dual co de of C is the v ector space of all co de w ords in Fn
whic h are

orthogonal to eac h co dew ord in C ;

C? = f v 2 Fn j v ¢c = 0 8 c 2 Cg:

C is self-dual if C = C?
.

Example 1 L et

G =

0

B
B
@

1 0 0 1 0 1 0 1
0 1 0 1 0 1 1 0
0 0 1 1 0 0 1 1
0 0 0 0 1 1 1 1

1

C
C
A
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b e the gener ator matrix of a c o de C . This is a binary self-dual [8; 4; 4] c o de.

In fact, this is an extr emal T yp e II c o de (these terms wil l b e de�ne d b elow).

Example 2 L et

G =

0

B
B
B
B
B
B
@

2 0 1 2 1 1 0 0 0 0 0 2
0 2 0 1 2 1 1 0 0 0 0 2
0 0 2 0 1 2 1 1 0 0 0 2
0 0 0 2 0 1 2 1 1 0 0 2
0 0 0 0 2 0 1 2 1 1 0 2
0 0 0 0 0 2 0 1 2 1 1 2

1

C
C
C
C
C
C
A

b e the gener ator matrix of a c o de C . This is a ternary self-dual [12; 6; 6] c o de.

In fact, this is an extr emal T yp e III c o de (these terms wil l b e de�ne d b elow).

Example 3 De�ne the �nite �eld of four elements as fol lows. L et z denote

a r o ot of the quadr atic p olynomial x2 + x + 1 2 GF (2)[x], wher e GF (2)[x]
denotes the p olynomial ring in the indeterminate x . L et GF (4) = f 0; 1; z; z+
1g. This set is a �eld of char acteristic 2. L et

G =

0

@
1 0 0 1 z z
0 1 0 z 1 z
0 0 1 z z 1

1

A

b e the gener ator matrix of a c o de C . This is a quaternary self-dual [6; 3; 4]
c o de and is r eferr e d to as the hexaco de . In fact, this is an extr emal T yp e

IV c o de (these terms wil l b e de�ne d b elow). Note that this c o de is MDS.

The dual co de of C has parameters [n; n ¡ k]. Moreo v er, denote the

minim um distance of the dual co de b y d?
. F or future reference, note that

if C = C?
then (equating dimensions) k = n ¡ k , forcing n to b e ev en and

k = n=2. The gen us of an [n; k; d]-co de C is de�ned b y

° (C) = n + 1 ¡ k ¡ d:

This measures ho w �far a w a y the co de is from b eing MDS�.

Lemma 4 If C is a self-dual c o de then its genus satis�es ° = n=2 + 1 ¡ d.
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pro of : It su�ces to sho w that k = n=2 if C = C?
. But this w as observ ed in

the discussion ab o v e. ¤
The (Hamming) w eigh t en umerator p olynomial AC is de�ned b y

AC (x; y) =
nX

i =0

A i xn¡ i yi = xn + Adxn¡ dyd + ¢ ¢ ¢+ Anyn ;

where

A i = jf c 2 C j wt( c) = igj

denotes the n um b er of co dew ords of w eigh t i . Let WC (z) = AC (1; z) , so

therefore AC (x; y) = xnWC (y=x) . The supp ort of C is the set supp(C) =
f i j A i 6= 0g. If AC (x; y) = AC? (x; y) then C is called a formally self-dual

co de . The sp ectrum of C is the list of co e�cien ts of AC :

spec(C) = [ A0; : : : ; An ]:

T w o co des are formally equiv alen t if they ha v e the same sp ectrum.

2.2 MacWilliams Iden tit y

The goal of this section is to pro v e the MacWilliams iden tit y (for simplic-

it y , restricted to the binary case). This iden tit y is necessary to v erify the

functional equation (4) for the Duursma Zeta F unction. Sev eral lemmas are

needed to pro v e this iden tit y . The pro of giv en b elo w follo ws Hill Ch. 13

[HILL ].

Lemma 5 L et C b e a binary line ar [n; k] c o de.

1. Fix y 2 GF (2)n ¡ C?
. As x r anges over the ve ctor sp ac e C , the quantity

x ¢y takes the value 0 and 1 e qual ly often.

2. The fol lowing identity holds:

X

c2 C

(¡ 1)c¢y =
½

2k ; y 2 C? ;
0 y =2 C? :

pro of : P art 1: Let A = f x 2 C j x ¢y = 0g and B = f x 2 C j x ¢y = 1g.

Let u b e a co dew ord of C suc h that u ¢y = 1 . Let u + A = f u + a j a 2 Ag.
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Then u + A ½ B , for if a 2 A , then (u + a) ¢y = a ¢y + u ¢y = 0 + 1 = 1 .

Similarly u + B ½ A . Hence, jAj = ju + Aj · j B j = ju + B j · j Aj . Th us,

jAj = jB j .

P art 2: If y 2 C?
, then c ¢y = 0 for all c 2 C , and so

P
c2 C (¡ 1)c¢y =

jCj¢1 = 2k
. If y =2 C?

then b y P art 1, as x ranges o v er the v ector space C , the

quan tit y x ¢y tak es the v alue 0 and 1 equally often, giving

P
c2 C (¡ 1)c¢y = 0 .

¤

Lemma 6 F or e ach x 2 GF (2)n
the fol lowing p olynomial identity holds:

X

y2 GF (2) n

zwt( y)(¡ 1)x¢y = (1 ¡ z)wt( x)(1 + z)n¡ wt( x) :

pro of :

P
y2 GF (2) n zwt( y)(¡ 1)x¢y =

P
y12f 0;1g

P
y22f 0;1g ¢ ¢ ¢

P
yn 2f 0;1g zy1+ ¢¢¢+ yn (¡ 1)x1y1+ ¢¢¢xn yn

=
P

y12f 0;1g ¢ ¢ ¢
P

yn 2f 0;1g

¡ Q n
i =1 zyi (¡ 1)x i yi

¢

=
Q n

i =1

¡ P
j 2f 0;1g zj (¡ 1)x i j

¢

= (1 ¡ z)wt( x)(1 + z)n¡ wt( x) ;

since

P
j 2f 0;1g zj (¡ 1)rj = 1 + z, if r = 0 , and = 1 ¡ z, if r = 1 . ¤

Theorem 7 (MacWil liams' identity): If C is a line ar c o de over any �nite

�eld F of or der q then

AC? (x; y) = jCj¡ 1AC (x + ( q ¡ 1)y; x ¡ y):

This is the general statemen t of the MacWilliams iden tit y . This pro of

will restrict to the binary case.

pro of : No w, express the p olynomial f (z) =
P

c2 C

P
y2 GF (2) n zwt( y)(¡ 1)c¢y

in t w o w a ys.

On one hand, Lemma 6 implies

f (z) =
P

c2 C (1 ¡ z)wt( c)(1 + z)n¡ wt( c)

= (1 + z)n
P

c2 C

¡
1¡ z
1+ z

¢wt( c)

= (1 + z)nWC
¡

1¡ z
1+ z

¢
= Ac(1 + z;1 ¡ z)
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On the other hand, rev ersing the order of summation giv es

f (z) =
P

y2 GF (2) n zwt( y)
¡ P

c2 C (¡ 1)c¢y
¢

=
P

y2 C? zwt( y)2k (by Lemma 5 ; Part 2)

= 2 kWC? (z):

Replace z b y y=x in the ab o v e giv es

Ac(1 + y=x;1 ¡ y=x) = 2 k ¢A (C? )(1; y=x):

Since this p olynomial is homogeneous in degree n , m ultiplying b oth sides b y

xn
giv es the theorem in the binary case. ¤

If C = C?
, then jCj = qn=2

. Therefore, the MacWilliam's Iden tit y can

b e rewritten in this case as

AC (x; y) = q¡ n=2AC (x + ( q ¡ 1)y; x ¡ y) = AC (
x + ( q ¡ 1)y

p
q

;
x ¡ y
p

q
);

where q = 2 .

3 Duursma Zeta F unction

3.1 De�nition

The follo wing de�nition generalizes the idea of the w eigh t en umerator p oly-

nomial of a co de.

De�nition 8 A homogeneous p olynomial F (x; y) = xn +
P n

i =1 f i xn¡ i yi
of

degree n with complex co e�cien ts is called a virtual w eigh t en umer-

ator (or VWE) with supp ort supp(F ) = f i j f i 6= 0g. If F (x; y) =
xn +

P n
i = d f i xn¡ i yi

with f d 6= 0 then call n the length of F and d the min-

im um distance of F . Suc h an F of ev en degree satisfying the in v ariance

condition

F (x; y) = F (
x + ( q ¡ 1)y

p
q

;
x ¡ y
p

q
);

is called a virtual self-dual w eigh t en umerator (or VSD WE for short)

over F ha ving gen us .
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° (F ) = n=2 + 1 ¡ d:

If b > 1 is an in teger and supp(F ) ½ bZ then the VWE F is called b-

divisible .

An example of a virtual w eigh t en umerator F (x; y) is the Hamming w eigh t

en umerator of a co de AC (x; y) . In fact, in case F (x; y) = AC (x; y) the length

of F is the length of the co de C and the minim um distance of F is the

minim um distance of the co de C . An example of a virtual self-dual w eigh t

en umerator is the Hamming w eigh t en umerator of a self-dual co de.

It is amazing that the b-divisible virtual self-dual w eigh t en umerators can

b e classi�ed.

Theorem 9 (Gle ason-Pier c e-Assmus-Mattson) L et F b e a b-divisible VS-

D WE over GF (q) .

Then either

I. q = b= 2 ,

II. q = 2 , b= 4 ,

III. q = b= 3 ,

IV. q = 4 , b= 2 ,

V. q is arbitr ary, b= 2 , and F (x; y) = ( x2 + ( q ¡ 1)y2)n=2
.

F or Assm us and Mattson`s pro of of this theorem, please see Sloane [Sl].

Next, in order to carefully de�ne the problem that this pap er addresses,

the notion of T yp es of w eigh t en umerators are in tro duced. Theorem 9 moti-

v ates the follo wing de�nition.

De�nition 10 If F is a b-divisible VSD WE o v er F then F is called

8
>><

>>:

Type I ; if q = b= 2; 2jn;
Type II ; if q = 2; b= 4; 8jn;
Type III ; if q = b= 3; 4jn;
Type IV ; if q = 4; b= 2; 2jn:
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The divisibilit y condition is extremely restricting and, for example, forces

the length n to b e ev en. The next sections concen trate on Duursma zeta

functions for certain w eigh t en umerators of T yp e IV.

Theorem 11 (Slo ane-Mal lows-Duursma) If F is a b-divisible VSD WE with

length n and minimum distanc e d then

d ·

8
>><

>>:

2[n=8] + 2; if F is Type I;
4[n=24] + 4; if F is Type II;
3[n=12] + 3; if F is Type III ;
2[n=6] + 2; if F is Type IV:

F or a pro of, see Duursma [D3 ].

An extremal b-divisible virtual self-dual w eigh t en umerator is one for

whic h equalit y holds in the ab o v e theorem. The next section fo cuses on the

T yp e IV extremal case. With Theorems 9 and 11, the foundations of Du-

ursma's pap er [D3] extend from self-dual co des to virtual self-dual w eigh t

en umerators. This is b ecause the co ding-theoretic v ersions of the Theorem

9 and 11 , used b y Duursma, in fact hold for virtual self-dual w eigh t en umer-

ators.

De�nition 12 (Duursma [D1]) Assume F is a virtual w eigh t en umerator

p olynomial of length n and minim um distance d. A p olynomial P(T) of

degree n + 2 ¡ d ¡ d?
for whic h

(xT + (1 ¡ T)y)n

(1 ¡ T)(1 ¡ qT)
P(T) = ¢ ¢ ¢+

F (x; y) ¡ xn

q ¡ 1
Tn¡ d + : : : :

is called a Duursma zeta p olynomial of F .

Prop osition 13 If d ¸ 2 and d? ¸ 2 then ther e exists a unique Duurzma

zeta p olynomial of de gr e e · n ¡ d.

pro of : This is pro v en in the app endix to Chinen [C2]. Here is the rough

idea. Expand

(xT + y(1¡ T )) n

(1¡ T )(1 ¡ qT) in p o w ers of T to get

b0;0ynT0 + ( b1;0xyn¡ 1 + b1;1yn )T1 + ( b2;0x2yn¡ 2 + b2;1xyn¡ 1 + b2;2yn )T2 + :::
+( bn¡ d;0xn¡ dyd + bn¡ d;1xn¡ d¡ 1yd+1 + ::: + bn¡ d;n¡ dyn )Tn¡ d + ::: ;

9



where bij are co e�cien ts whic h ma y dep end on q. The Duursma p olynomial

is a p olynomial of degree n + 2 ¡ d ¡ d?
. Pro vided d? ¸ 2, the Duursma

p olynomial can b e written as P(T) = a0 + a1T + :::+ an¡ dTn¡ d
. No w, rewrite

the terms of degree · n

(xT + y(1 ¡ T))n

(1 ¡ T)(1 ¡ qT)
P(T) = ::: +

F (x; y) ¡ xn

q ¡ 1
Tn¡ d + :::

b y means of the matrix equation B ¢~a = ~A giv en b y

0

B
B
B
B
B
@

bn¡ d:0 bn¡ d:1 : : : bn¡ d:n¡ d

0 bn¡ d¡ 1:0 : : : bn¡ d¡ 1:n¡ d¡ 1

0 0 bn¡ d¡ 2:0 : : :
.

.

.

.

.

.

.

.

.

0 : : : 0 b0;0

1

C
C
C
C
C
A

0

B
B
B
@

an¡ d

an¡ d¡ 1
.

.

.

a0

1

C
C
C
A

=

0

B
B
B
@

An=(q ¡ 1)
An¡ 1=(q ¡ 1)

.

.

.

Ad=(q ¡ 1)

1

C
C
C
A

:

The diagonal en tries of this matrix are binomial co e�cien ts, hence are non-

zero. Therefore the matrix is in v ertible and the existence is established.

T o establish uniqueness, supp ose that

(xT + y(1 ¡ T))n

(1 ¡ T)(1 ¡ qT)
P1(T) = ::: +

F (x; y) ¡ xn

q ¡ 1
Tn¡ d + :::

and

(xT + y(1 ¡ T))n

(1 ¡ T)(1 ¡ qT)
P2(T) = ::: +

F (x; y) ¡ xn

q ¡ 1
Tn¡ d + :::

hold. Subtracting these giv es

(xT + y(1 ¡ T))n

(1 ¡ T)(1 ¡ qT)
(P1(T) ¡ P2(T)) = 0 :

This forces P1 = P2 . ¤
An example will b e giv en in Ÿ4.

The Duursma zeta function of F is de�ned in terms of the zeta p oly-

nomial b y means of Ac(1 + z;1 ¡ z)

Z (T) =
P(T)

(1 ¡ T)(1 ¡ qT)
: (3)

In case of am biguit y denote this function b y ZF . De�ne the Riemann h y-

p othesis to b e the follo wing statemen t: all (complex) zeros of Z(T) satisfy
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jT j = 1=
p

q. This is the analog for linear co des of the still unsolv ed conjecture

regarding the Riemann zeta function.

The Duursma zeta function satis�es an analog of the functional equation

for the Riemann zeta function. But b efore stating the functional equation,

new notation is needed.

De�ne F ?
b y F ? = F ±¾, where

¾=
1

p
q

µ
1 q ¡ 1
1 ¡ 1

¶

Then there is a functional equation relating Z and Z ? = ZF ? (and hence

also P and P? = PF ? ). Note that ev en though F ma y not dep end on q, F ?

(and hence Z ?
) do es.

Prop osition 14 The Duursma zeta function satis�es the functional e qua-

tion

Z ? (T)T1¡ g?
= Z(

1
qT

)(
1

qT
)1¡ g: (4)

A nalo gously, the zeta p olynomial P = PF satis�es the functional e quation

P? (T) = P(
1

qT
)qgTg+ g?

; (5)

wher e g = n=2 + 1 ¡ d and g? = n=2 + 1 ¡ d?
.

This pap er concerns the zeros of the zeta function in the case where F is

an extremal virtual b-divisible self-dual w eigh t en umerator of t yp e IV.

3.2 Extremal Virtual Self-Dual W eigh t En umerators

F ollo wing Duursma [D3], de�ne the ultraspherical p olynomial Cm
n (x) on

the in terv al (¡ 1; 1) b y

Cm
n (cosµ) =

X

0 · k; ` · n
k + ` = n

¡ m + k
k

¢¡ m + `
`

¢
cos((k ¡ `)µ):

The follo wing theorem

1

is due to Duursma [D3 ], section 5.2.

1

Be careful of serious t yp os in section 5.2 of Duursma, whic h are corrected b elo w.
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Theorem 15

Q(T2=2) =
m!2

(3m)!
TmCm+1

m (
T + T ¡ 1

2
)

Wher e Q(T) = P(T)(1 + 2 T) and P is the Duursma zeta p olynomial of an

extr emal T yp e IV virtual self-dual weight enumer ator of length n = 3m + 3
and minimum distanc e d = m + 3 .

The main result is stated b elo w.

Theorem 16 The Duursma zeta function of an extr emal self-dual weight

enumer ator of T yp e IV with length divisible by 3 satis�es the R iemann hy-

p othesis.

pro of : It's a kno wn fact [Sz ] that all the ro ots of ultraspherical p olynomials

Cm
n lie on the in terv al (¡ 1; 1). This p olynomial is degree n and so there are

n suc h ro ots. In the theorem ab o v e, replacing T b y eiµ
giv es

Q(e2iµ=2) =
m!2

(3m)!
eiµm Cm+1

m (cosµ):

Therefore, all the ro ots of the degree m p olynomial Q, hence the ro ots of P ,

lie on the circle of radius 1=
p

q = 1=2. A ccording to Duursma [D3 ], Ÿ4.4, all

other T yp e IV extremal virtual self-dual w eigh t en umerators ha v e length of

the form 3m + 1 or 3m + 2 . This v eri�es the Riemann h yp othesis in the case

with length divisible b y 3. ¤

4 Examples

The �rst example b elo w computes a Duursma zeta function �b y hand� in a

simple case.

Example 17 Consider the binary self-dual co de C of length n = 6 , di-

mension k = 3 , and minium distance d = 2 . This is unique up to equiv a-

lence and has w eigh t en umerator W(x; y) = x6 + 3x4y2 + 3x2y4 + y6
. The

SA GE commands

SA GE

sage: q = var("q")
sage: T = var("T")
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sage: x = var("x")
sage: y = var("y")
sage: f1 = lambda q,T,N: sum([ sum([q^i for i in range(k+1)]) * T^k for k in range(N)])
sage: f2 = lambda x,y,T,n: sum([ binomial(n,j) * (x-y)^j * y^(n-j) * T^j for j in range(n+1)])
sage: a0,a1,a2,a3,a4 = var("a0,a1,a2,a3,a4")
sage: F = expand(f1(2,T,6) * f2(x,y,T,6) * (a0+a1 * T+a2* T^2+a3 * T^3+a4 * T^4))

compute the �rst 6 terms (as a p o w er series in T ) of the series

(xT + y(1¡ T )) n

(1¡ T )(1 ¡ qT) P(T)
when q = 2 , n = 6 , k = 3 , and d = 2 . Next, SA GE computes the co e�cien ts

and read o� the matrix B :

SA GE

sage: aa = (F.coeff("T^4")).coeffs("x")
sage: v = [expand(aa[i][0]/y^(6-i)) for i in range(5)]
sage: B0 = [v[0].coeff("a%s"%str(i)) for i in range(5)]
sage: B1 = [v[1].coeff("a%s"%str(i)) for i in range(5)]
sage: B2 = [v[2].coeff("a%s"%str(i)) for i in range(5)]
sage: B3 = [v[3].coeff("a%s"%str(i)) for i in range(5)]
sage: B4 = [v[4].coeff("a%s"%str(i)) for i in range(5)]
sage: B0.reverse(); B1.reverse(); B2.reverse(); B3.reve rse(); B4.reverse()
sage: B = matrix([B0,B1,B2,B3,B4])
sage: B

[ 1 -3 4 -2 1]
[ 0 6 -12 12 0]
[ 0 0 15 -15 15]
[ 0 0 0 20 0]
[ 0 0 0 0 15]

Note that the diagonal en tries are binomial co e�cien ts.

Finally , the v ector

~A is determined b y solving the equation B ¢~a = ~A :

SA GE

sage: Wmx6 = 3 * x^4 * y^2+3 * x^2 * y^4+y^6
sage: c = [Wmx6(1,y).coeff("y^%s"%str(i)) for i in range(2 ,7)]
sage: c.reverse()
sage: cc = vector(c)
sage: (B^(-1) * cc).list()
[4/5, 0, 0, 0, 1/5]

This implies that the zeta p olynomial of C is giv en b y P(T) = 1
5 + 4

5T4
.

The next example illustrates the computation of the Duursma zeta func-

tion for a quaternary co de.
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Example 18 The hexac o de is an MDS c o de. In gener al, it is true that the

Duursma zeta function of any MDS c o de is P(T) = 1 .

Her e is a mor e inter esting example. L et z denote the same element as

was de�ne d in Example 3. L et

G =

0

B
B
B
B
B
B
B
B
B
B
B
@

1 0 0 0 0 0 0 0 0 1 z + 1 1 1 z 1 1 z + 1 z
0 1 0 0 0 0 0 0 0 z + 1 z + 1 0 z 0 1 z z + 1 z + 1
0 0 1 0 0 0 0 0 0 z + 1 1 0 z + 1 z + 1 z + 1 z 0 z
0 0 0 1 0 0 0 0 0 0 z + 1 1 0 z + 1 z + 1 z + 1 z z
0 0 0 0 1 0 0 0 0 z 1 1 z + 1 z + 1 1 1 z 1
0 0 0 0 0 1 0 0 0 z z + 1 z + 1 z + 1 0 1 z + 1 0 z
0 0 0 0 0 0 1 0 0 0 z z + 1 z + 1 z + 1 0 1 z + 1 z
0 0 0 0 0 0 0 1 0 z + 1 z 1 0 z 0 z + 1 z + 1 z + 1
0 0 0 0 0 0 0 0 1 z + 1 1 1 z 1 1 z + 1 1 z

1

C
C
C
C
C
C
C
C
C
C
C
A

b e a gener ator matrix of a c o de C . This is an extr emal T yp e IV c o de over

a �eld with four elements. A c c or ding to SA GE , the zeta p olynomial for this

c o de is P(T) = 48
143T4 + 48

143T3 + 32
143T2 + 12

143T + 3
143 . It c an b e che cke d dir e ctly,

using SA GE , that this satis�es the R iemann hyp othesis.

SA GE

sage: F.<z> = GF(4,"z")
sage: MS = MatrixSpace(F, 9, 18)
sage: G = MS([
....: [1, 0, 0, 0, 0, 0, 0, 0, 0, 1, z^2, 1, 1, z, 1, 1, z^2, z],\
....: [0, 1, 0, 0, 0, 0, 0, 0, 0, z^2, z^2, 0, z, 0, 1, z, z^2, z^2], \
....: [0, 0, 1, 0, 0, 0, 0, 0, 0, z^2, 1, 0, z^2, z^2, z^2, z, 0, z], \
....: [0, 0, 0, 1, 0, 0, 0, 0, 0, 0, z^2, 1, 0, z^2, z^2, z^2, z, z], \
....: [0, 0, 0, 0, 1, 0, 0, 0, 0, z, 1, 1, z^2, z^2, 1, 1, z, 1],\
....: [0, 0, 0, 0, 0, 1, 0, 0, 0, z, z^2, z^2, z^2, 0, 1, z^2, 0, z], \
....: [0, 0, 0, 0, 0, 0, 1, 0, 0, 0, z, z^2, z^2, z^2, 0, 1, z^2, z], \
....: [0, 0, 0, 0, 0, 0, 0, 1, 0, z^2, z, 1, 0, z, 0, z^2, z^2, z^2], \
....: [0, 0, 0, 0, 0, 0, 0, 0, 1, z^2, 1, 1, z, 1, 1, z^2, 1, z]])
sage: C = LinearCode(G)
sage: print C.spectrum()
[1, 0, 0, 0, 0, 0, 0, 0, 2754, 0, 18360, 0, 77112, 0, 110160, 0, 50 949, 0, 2808]
sage: R.<T> = PolynomialRing(CC,"T")
sage: P = C.sd_zeta_polynomial(4)
sage: P
48/143 * T^4 + 48/143 * T^3 + 32/143 * T^2 + 12/143 * T + 3/143
sage: rts = R(P).roots()
sage: [abs(r[0]) for r in rts]
[0.500000000000000, 0.500000000000000, 0.500000000000 000, 0.500000000000000]

Backgr ound Information : SA GE is a computer algebra program whose

op en source k ernel is written in the Python programming language.

A cknow le dgements: I thank the readers of this honors pro ject for their

helpful suggestion that impro v ed this presen tation. The SA GE examples are
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